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Understanding thermal properties of materials is fundamental to technological applications and to discovering
new phenomena. In particular, advances in experimental techniques such as cold-atom measurements allow
the simulation of paradigmatic Hamiltonians with great control over model parameters, such as the Hubbard
model. One aspect of this model which is not much explored is the behavior of the specific heat as a function
of density. In this work, we perform determinant quantum Monte Carlo simulations of the Hubbard model
interpolating between the square and triangular lattices to analyze the specific heat as the filling, interaction,
and temperature of the system are changed. We found that, with strong correlations, the specific heat presents a
three-maxima structure as a function of filling, with local minima between them. This effect can be explained by
a decomposition of kinetic and potential contributions to the specific heat, demonstrating interesting phenomena
away from the commonly studied half-filling regime. Moreover, by analyzing the kinetic contribution in
momentum space we show that, connected to this specific heat behavior, there is a density anomaly detected
through the thermal expansion coefficient. These momentum-space quantities are accessible using cold-atom
experimental measurements at multiple temperatures. Finally, we map the location of these phenomena and
connect the thermal expansion anomaly with the well-known Seebeck coefficient change of sign. Our results

provide an alternative perspective to analyze this change of sign.

DOLI: 10.1103/6t32-g4cr

I. INTRODUCTION

Anomalous thermal properties of materials have become
an intense source of research in different realms of physics.
In the context of complex fluids, water presents a plethora
of thermodynamic anomalies, including its unusual volume
contraction from 0°C to 4°C at 1 atm [1], named the den-
sity anomaly, and its high specific heat. Both, among others,
are regarded as essential ingredients for life [2]. Another
paradigmatic example is the unexpected low thermal expan-
sion of Fe—Ni Invar [3], a product of the competition between
phonons and spins, which still pushes forward theoretical
research and the development of materials where extreme
precision is required [4]. Heavy fermion compounds, such
as CeRu,Si, [5], also display a negative electronic thermal
expansion as well as an unusually high Griineisen parame-
ter, a quantity proportional to the ratio of thermal expansion
to specific heat [6]. Organic charge-transfer salts [7,8], like
the spin liquid candidate x-(BEDT-TTF),Cu,(CN);, exhibit
anomalous expansivities depending on directionality, associ-
ated with a peak anomaly around 6 K which is accompanied
by a hump in the specific heat. The electronic ingredient to
the thermal expansion of such families of organic charge-
transfer salts can be modeled with an effective Hubbard
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Hamiltonian [9] on an anisotropic triangular lattice at half
filling, where its parameters are connected to lattice constants.

With regard to Hubbard models, the anomalous expansion
was recently studied for bosons [10] with applications to
cold atom systems on which the interactions can be precisely
controlled [11-13]. It was shown theoretically that the density
anomalies appear near Mott transitions and can be traced back
to residual entropies in the atomic limit [14,15], in connec-
tion with classical Monte Carlo simulations of lattice gases
[16]. As for the specific heat, its temperature dependence
has been widely analyzed in the literature of the Hubbard
model at half filling: A low and a high temperature peak exists
[17,18], but the doping dependence is less explored in terms
of simulations. Unique experiments measured a maximum in
the specific heat of cuprates [19] as a function of density.
This effect has been investigated using CDMFT for the two-
dimensional Hubbard model on the square lattice, predicting
a maximum very close to half filling [20]. Approximations
on the square lattice with second neighbor hopping also show
evidence of peaks [21]. On the other hand, a dip in the
specific heat as a function of doping has been observed in
determinant quantum Monte Carlo (DQMC) simulations by
Duffy and Moreo [18]. These studies analyzed the specific
heat dependence on doping for certain temperature regions
and interaction strengths, but a more detailed analysis of the
phenomenon is still lacking.

In this research paper, we report on simulations of the two-
dimensional Hubbard model in a square lattice, presenting
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results for all lattice fillings and a wide range of interactions.
We demonstrate that (i) As correlations between electrons
increase, a three-peak structure develops in the specific heat
as a function of lattice filling, at n =0.5, n =1, and n =
1.5 in the square lattice. The peak in the central density is
sharp, in connection with the known behavior as a function
of temperature, while the lateral peaks are broader and are
altered for different lattices. (ii) For strong correlations, there
is a density anomaly marked by a sign change of the thermal
expansion coefficient «, as doping varies. We address the
connection between these two effects through an analysis
of the momentum distribution of the particles. (iii) Finally,
we clarify the mechanism associating the thermal expansion
behavior with the Seebeck anomaly, a relevant transport probe
recently studied in the Hubbard model [22-25]. This quantity
is known to exhibit changes of sign as a function of filling n
and temperature 7. Moreover, it increases significantly close
to half filling. The analysis of «,, sheds light on both of these
characteristic behaviors.

II. MODEL AND METHODS
The Hubbard model [26] is given by the Hamiltonian

H= —1t Z (C;cho +H.c.) — /LZn,-U
(i,j),0 i,o

+U Y (nip — 1/2)(my, — 1/2), (1

where i runs over all lattice sites and (i, j) correspond
to first neighbor sites. Operators c; /cic denote the cre-
ation/annihilation of electrons of spin ¢ on a site i, and the
number operator is n;, = c; ¢io- The first sum describes par-
ticle hopping processes with amplitude ¢, the second term
controls the density through the chemical potential x, and the
last term describes an on-site repulsive interaction U.

The Hamiltonian of Eq. (1) in bipartite lattices, such
as the square lattice, has particle-hole symmetry. That is,
n(pn) =2 —n(—w). At u =0, the system is at half filling,
n(T,U, n =0) =1, and its ground state is a Mott insulator.
As U hinders doubly occupied sites, a chemical potential p ~
U is required to add another particle to the system, leading to
the formation of a Mott plateau around half filling [27-30].

Our simulations were performed using the DQMC method
[31-36], an unbiased technique. It uses a discrete aux-
iliary field to break down the interaction term of the
d-dimensional many-body problem into a noninteracting (d +
1)-dimensional Hamiltonian with L imaginary time slices, in-
troducing an error of O(At?), where B = LAT is the inverse
temperature. Our results are obtained from ten independent
simulations for each parameter set, each simulation with
2000 equilibration steps and up to 50 000 measurement steps,
choosing At < 0.1 to ensure the Trotter error is smaller than
the statistical error from the Monte Carlo sampling. The lattice
size is 10 x 10 to calculate thermodynamic quantities. We set
t = 1 as our energy scale. The lattice constant is also set to
unity.

To determine the specific heat, we numerically differentiate
the internal energy at constant density using finite differences:

Cpn=Cp — <8E> s 2

op ) iy’

where ¢, = (%)u is the specific heat at constant chemical
potential, o, = (g—;)u is the thermal expansion coefficient,
Kt = niz(g—/’;)r is the isothermal compressibility, E(T, ) is
the internal energy of the system, and n = (n) is the average
number of particles per lattice site (see Appendix A for the
derivation of the equation).

In the DQMC calculations, the momentum distribution of
the density at a temperature 7 can be calculated from the
Fourier transform of equal-time Green’s functions

ne = (cpa) = 1 = Gy 3)

Using finite-differences for different temperatures, we obtain
(%) - To improve the resolution when plotting quantities in
momentum space, this is calculated for a 24 x 24 lattice.

III. RESULTS

The specific heat ¢, as a function of doping n is exhibited
in Fig. 1(a). In the weak-coupling regime, it has a maxi-
mum at n = 1. As the interaction U becomes stronger and
beyond U =~ 6, a three-peak structure emerges: two lateral
peaks around n = 0.5 and n = 1.5, and a central maximum at
half filling. Enhancing the on-site repulsion makes the central
peak sharper and the local minima around it move toward half
filling.

In both analytically solvable scenarios, U = 0 (noninter-
acting case) and r =0 (atomic limit), such a triple-peak
structure is absent. Therefore, the reported behavior emerges
from the electronic correlations and the interplay between U
and ¢. In experimental measurements, specific heat peaks at
finite doping have been detected for some materials [19].

At half filling, there is a well-known two-peak structure
for ¢,(T) [17]: a spin peak at T ~ J = 4t2/U and a charge
peak T ~ U, with these expressions valid only for high U.
Atlow U, the charge peak is mostly constant at 7 ~ 1, while
the spin peak exponentially decreases as U — 0 and we are
far from the Heisenberg regime. Our simulations remain in
temperatures above the spin scale for all U. In particular, for
the simulations at low T and strong U, we have J < T K U,
and double occupancy is mostly suppressed. Hence, as n is
tuned away from half filling, the main contribution to the
energy should be from the hopping term, that is, the num-
ber of electron—hole bonds. The system’s average energy E
per lattice site can be written as the sum of the kinetic part
Ex = Zk exny, where ¢ is the lattice dispersion relation and
ng is the momentum distribution of particles, and the potential
term Ep = Ud, where d is the average double occupancy
d = (nyny). Following this idea, we decompose the specific
heat into its kinetic and potential energy contributions, as
shown in Figs. 1(b) and 1(c), respectively. The kinetic energy
portion (%LT"),, is nearly independent of the interaction for
low densities 0 < n < 0.5. Thus, this regime resembles the
noninteracting scenario, with electrons being too spread out
for the U term to be relevant. For 0.5 < n < 1, the repulsion
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FIG. 1. (a) Specific heat at constant density ¢, as a function of lattice filling for 7 = 1 and various values of interaction U. (b), (c) Kinetic
and potential energy contributions to the specific heat for the same temperature and interaction strengths. Results are for the 10 x 10 lattice.

effects become important (double occupancy starts to build
up), and the kinetic energy contribution starts to decrease as
the interaction increases. Hence, for large U we have a max-
imum around n = 0.5 (and n = 1.5, by symmetry), whereas
for weak interactions there is a single maximum at half filling.

The potential energy contribution (%)n is negative in an
interval 0 < n < n*(U), where n*(U) is the location of the
minimum for each interaction U, and presents a prominent
positive peak when there is one fermion per site. Since the
potential energy is proportional to the average double occu-
pancy, its contribution to ¢, is governed by (g—?)n. That is, in
the low-density regime, double occupancies break up as tem-
perature rises. It is only for n*(U) < n < 1 that we observe an
increase in the potential contribution, when double occupancy
is favored by temperature. This is due to the large number of
single-occupied sites in the lattice: thermal fluctuations will
likely take an electron to a site that is already occupied, greatly
enhancing the potential energy at this temperature range.
The antagonistic behavior of kinetic and potential portions
close to n = 1 yields the local minimum of ¢,, as shown in
Fig. 1(a).

In Fig. 2, we plot the total ¢, along with its kinetic and
potential contributions for U = 10, considering three differ-
ent temperatures: (a) T =2, (b) T =1, and (¢c) T =0.5.
Concerning the higher temperature 7 = 2, ¢, displays only
a central peak, illustrated in Fig. 2(a) for this particular

o877 77T T

repulsion value. This temperature is away from the 7 ~ J
region, leading to a decreased kinetic energy contribution and
no lateral maxima in the total c¢,. As the temperature reaches
the region J < T, lateral peaks at n = 0.5 and n = 1.5 start
to develop according to Fig. 2(b). Their magnitude is slightly
enhanced at even lower temperatures as shown in Fig. 2(c),
even though we are still at J < T.

At the lowest temperature we considered, the potential
energy contribution to ¢, may be negative. This implies that
(%)U,n < 0, an effect particularly important in cold atoms
experiments exploring adiabatic cooling: Since (ds/0U )r,, =
—(0d /9T )y ., then ¢, (0T /0U ), = T(3d /3T )y, [37] and
an increase in U can be used to decrease the temperature at
constant entropy if (3d/0T )y, < 0. At half filling, this has
been studied for square [29,37], kagome [38], and honeycomb
[39,40] lattices. The results of Figs. 2(b) and 2(c) show that
this can happen for the whole doping range.

This counterintuitive behavior is claimed to be analogous
to the Pomeranchuk effect in liquid *He [41]. For the Hubbard
model, since the (spin) entropy is larger in a localized state
than when the fermions form a Fermi liquid, it is favorable to
increase the degree of localization upon heating. At low 7', the
system behaves as a coherent Fermi liquid with small entropy,
while at higher temperatures, local moments increase with T,
favoring electron localization, creating a Pomeranchuk-like
tendency toward the higher-entropy local-moment regime.

(a) T=2
0.6 [
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FIG. 2. Specific heat and kinetic/potential contributions for U = 10 at temperatures (a) 7 =2, (b) T =1, and (¢) T = 0.5. The inset
in(b)isalT xU O U <£10,0< T <2.5) plot at half filling with dashed lines showing the temperatures for which we display specific
results in (a), (b), and (c). Red circles and purple squares represent, respectively, the high and low T peaks in the specific heat as a function of
temperature, with data as a function of temperature of the inset extracted from Ref. [17]. Results are for the 10 x 10 lattice.
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FIG. 3. Specific heat as a function of lattice filling n for U = 10
and different lattice sizes at (a) 7 = 1.0 and (b) T = 0.5.

The inset in Fig. 2(b) is a T x U plot at half filling with
dashed lines showing the temperatures for which we display
results. Red circles and purple squares represent, respectively,
the high and low T peaks in the specific heat as a function
of temperature. Hence, at our higher temperature, 7 = 2, we
cross the high T peak for large U. At our intermediate temper-
ature T = 1, we cross the high T peak for small U. Our lower
temperature, 7 = 0.5, does not cross any peak as a function
of temperature at half filling, hence guaranteeing we are in the
J < T region for T = 0.5 and T = 1, while T = 2 is above
this spin regime for most interactions.

Therefore, the decomposition of ¢, for J < T highlights
the different nature of the central and lateral peaks. The lateral,
broader ones come from the strong decrease in the kinetic
energy due to reduced carrier mobility. The central sharp
peak is due to an increase in double occupancy for small to
intermediate temperatures and decreases as T decreases due
to the formation of local moments. At 7 ~ U only the central
peak is detected, and at very low temperature we expect all
peaks to vanish.

We analyze finite-size effects of the specific heat in Fig. 3.
We fixedU = 10and T = 1 in Fig. 3(a) and considered lattice
sizes from 6 x 6 to 24 x 24. Results coincide within error
bars, indicating that our analysis in 10 x 10 lattices provides
a good estimate of the thermodynamic limit results. For the
lower temperature of 7 = 0.5 shown in Fig. 3(b), the specific
heat is also in good agreement within error bars. We note that
even the half-filling peak remains the same for large sizes,
although it could be expected to increase in the thermody-
namic limit for lower temperatures than considered here due
to the known results at n = 1 [17]. In our results, this does not
happen because the temperature 7 = 0.5 is situated between
the peaks as a function of temperature, as shown in the inset
of Fig. 2(b).

Inasmuch as the decrease of ¢, in the region 0.5 <n < 1
is dominated by the kinetic contribution and
o)
< aT ), Xk: “\or ) @
we analyze in Fig. 4 the temperature derivative of n; within
the first Brillouin zone. The six panels cover weak and strong
couplings as the density varies. At a fixed filling, large U
increases correlations in the real domain and delocalizes elec-
trons in momentum space. Consequently, correlations induce
a damping in the magnitude of (%’—’T")n. This effect gets more
pronounced as one approaches the Mott state, where the sys-
tem gets fully localized in real space. This is more clearly seen
in the absolute value of the gradient, shown in Fig. 5.

The lower sensitivity to temperature at high density and
strong coupling is reflected in the kinetic energy derivative
with temperature of Eq. (4), which is lower for n = 0.83
than for n» = 0.51. This explains the reduction of ¢, be-
yond the quarter filling. Commonly addressed in cold atoms
experiments, the momentum distribution [42] imaging is ac-
cessible through time-of-flight measurements [43—45], but
measurements at multiple temperatures [46] would have to
be performed to calculate the temperature derivative dny /07T .
Double occupancy measurements for fermionic atoms with
atomic resolution are available through quantum gas mi-
croscopy [47-50], again requiring measurements at different
temperatures for a numerical differentiation.

While Figs. 4 and 5 highlight the reduced temperature sen-
sibility for strong interactions at n &~ 0.8, we need 8(k)(%LT"),,
to understand which regions contribute to the specific heat
[see Appendix D for a numerical comparison of (9ng/97T),
and (dny /0T ),, they are qualitatively the same]. We plot this
in the left panels of Fig. 6 forn ~ 0.83 at T = 1. For U = 2,
the largest contribution comes from small ks. Increasing the
interaction to U = 10 weakens this central feature, while the
border regions remain mostly unaltered. Hence, the lower
specific heat is due to a decrease in the thermal sensitivity of
low k electrons at the center of the Brillouin zone.

Note that the entropy is related to (g—; Iut

o 9n ,
S(T, ) = / (a—T) dp'. 5)
—o0 u

Since n = Zk ng, we can decompose it as

g
ST.wy=3" / (a—’g‘) dp’ (©)
kYT w
=D sl p). ™)
k

In the right panels of Fig. 6, we show the momentum space
decomposition of the entropy, s at a density n ~ 0.83 and
temperature 7 = 1 for the weakly interacting (U = 2) and
strong coupling (U = 10) regimes. Due to the u’ integration
required, we are only able to perform this calculation for
10 x 10 systems. Surprisingly, at strong coupling, we see a
negative contribution to the entropy from the electrons at the
center of the Brillouin zone, while the positive entropy contri-
butions come from the Fermi surface region. This is consistent
with the decreasing entropy as a function of n observed in
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FIG. 4. The momentum distribution of (%LT" ). in the first Brillouin zone for interactions U = 2 (upper panels) and U = 10 (lower panels),
and fillings n =~ 0.3 (left panels), n ~ 0.51 (central panels), and n ~ 0.83 (right panels). The temperature is 7 = 1 and the lattice size is
24 x 24, with a cubic spline interpolation between points.
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FIG. 5. The gradient of the momentum distribution of (%—"T’E)M in the first Brillouin zone for interactions U = 2 (upper panels) and U = 10
(lower panels), and fillings n =~ 0.3 (left panels), n ~ 0.51 (central panels) and n &~ 0.83 (right panels). The temperature is 7 = 1 and the
lattice size is 24 x 24, with a cubic spline interpolation between points.
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FIG. 6. Left panels show the momentum space contributions to
s(k)(zir"),,. Right panels shows the momentum space contributions
to the entropy. The interaction is U = 2 (upper panels) and U = 10
(lower panels), all of them for a filling n & 0.83. The temperature is
T = 1 and the lattice size is 24 x 24 in the left panels, with a cubic
spline interpolation between points. The right panels are calculated

for a 10 x 10 lattice due to u integration needed to find s.

other works [22,28] and shown for various temperatures in
Appendix C. The decomposition results of Fig. 6 do not im-
ply a negative thermodynamic entropy: s(7, ) = Y , sk > 0
must hold as expected.

The thermodynamic quantity associated with (9ng /9T ),, is
its momentum space sum: the thermal expansion coefficient

d
=y <8—"T")M ®)

k

at constant . Figure 7(a) shows, for different lattice fillings
and interaction strengths at a temperature 7 = 1, a trivial
crossing at o, = 0 and n = 1 due to particle-hole symmetry
of the square lattice, since n = 1 at u = 0 for any tempera-
ture and interaction. For weak interactions (up to U =~ 4), we
observe o, > 0 below half filling and «,, < 0 above it. This
describes the regular response of the thermal expansion pre-
dicted by the noninteracting solution. Indeed, if n < 1, raising
the temperature increases the average occupation number at
fixed chemical potential, whereas increasing the temperature
tends to decrease the density when n > 1. As U becomes
larger (beyond U = 6), the thermal expansion takes on neg-
ative values just below the half filling and positive ones just
above it. This composes the signature of the anomaly: o, < 0
forn < 1and o, > O forn > 1. The reported anomalous sign
change persists up to the atomic limit, which can be solved
analytically.

Figure 7(b) shows the density as a function of temperature
at || = 1. The red curves portray the noninteracting case
U = 0, where the particle’s thermal response is regular. The
blue curves correspond to the intermediate coupling scenario
U = 6 for which the anomaly is observed at low temperatures
T < 2. This kind of effect has been widely studied for classi-
cal liquid systems with short-range interactions at competing

FIG. 7. (a) Thermal expansion «,, as a function of density for
T =1, considering interactions ranging from the weak to the strong
coupling limit. (b) Density as a function of temperature, showing
a case with a regular density behavior (red circles, U = 0) and an
anomalous behavior (blue triangles, U = 6). The continuous black
line is the half-filling density. The vertical dotted line is 7 =1,
corresponding to the fixed temperature in (a). Results are for the
10 x 10 lattice.

distance scales, most notably water, and on Monte Carlo sim-
ulations of classical lattice models [51-53]. In the context of
Hubbard physics, the anomalous thermal response arises from
the strongly correlated particles’ motion near the Mott states
[27-30]. Recently, some of us proposed such an effect for a
system of bosons [10,14]. Thus, these DQMC results for the
Hubbard model demonstrate that it can also happen for Fermi
statistics.

The thermal expansion also influences thermoelectric ef-
fects, such as the generation of a particle current by a
temperature gradient. Indeed, the last term of Eq. (2) cor-
responds to the Seebeck coefficient according to the Kelvin
formula [54,55],

o as
£ == <_> =dq SKelvin’ (9)
T

nZkr on

where ¢ is the carrier charge. In particular, Skejyin arises from
the slow limit of the general Kubo formula for thermopower,
that is, lim{g, — 0, o — 0} S(q, ). We set ¢ = —1 as the
unit of charge in the rest of the text.
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In the context of the Hubbard model, it has been es-
tablished that the Kelvin approximation is one of the best
available [54], even being in excellent quantitative agree-
ment with experiments for some materials [56]. This is due
to the fact that, at the high temperatures and strong in-
teractions, transport is incoherent. At low temperatures not
accessible to our simulations the thermopower is better de-
scribed by the high-frequency limit since there is coherent
transport [57].

Because the denominator of Eq. (9) is always positive due
to thermodynamic stability in the single-band Hubbard model
[58], a sign change of the Seebeck coefficient must be induced
by a sign change of «,,, namely, the reported Seebeck anomaly
[22] regarding its sign, and hence carrier charge, is controlled
by the thermal expansion, with its magnitude modulated by
the isothermal compressibility. This connection can be con-
ceptually visualized as follows: a given temperature gradient
8T > 0 will induce a density change én > 0, as long as «,, is
positive. This charge variation will induce an electric field in
the same direction, and hence, we get a negative coefficient.
On the other hand, an opposite response of density én < 0,
due to a negative «,,, will establish an electric field in the
opposite direction, yielding a positive Seebeck response. Near
half filling and for strong interactions, n’k7 goes to zero [22],
greatly enhancing the Seebeck coefficient. But the thermal
expansion coefficient is zero at n = 1 due to particle-hole
symmetry, leading to a zero Seebeck. Microscopically, the
change in carrier number above (below) half filling is con-
nected to the restructuring of the Fermi surface, which shifts
from holelike (electronlike) to electronlike (holelike) above
(below) half filling [59].

Studies of classical lattice models connected a change of
sign in «,, to residual entropies [16], as well as the results
for bosons [10,14]. Although the ground state of the Hubbard
model has no residual entropy in the thermodynamic limit, at
finite temperature, the entropy as a function of lattice filling
s(n) has maxima away from half filling for strong correla-
tions [22]. From Eq. (9), we can see that o, = 0 implies
(0s/0n)r = 0. That is, the change of sign of «,, happens right
at the entropy maxima. Conversely, the same is true for the
Seebeck coefficient: its anomalous change of sign happens at
the maxima in the entropy.

To tie up all of these results, Fig. 8 presents a heat map
of (dc,/dn)r, marking the locations of the specific heat and
density anomalies in the n versus U plane. Black diamonds
indicate where the potential energy contribution of c¢,, ¢, pot»
is minimum, in connection with adiabatic cooling. As the re-
pulsion increases, this minimum shifts toward densities closer
to the half filling. Black squares denote where ¢, po; changes
sign, pointing out the density values where double occupancy
begins to be favored. As the interaction is increased, this curve
crosses the o, = O line at intermediate values of U, moving
toward the half filling. Filled black circles and crosses show,
respectively, the loci of minimum values of ¢, and «;, =0
[or (g—;)r = 0]. For U = 6, these crosses and circles are very
close, as well as the change of sign in the potential energy
contribution.

Increasing the repulsion U shifts the ¢, minimum to den-
sities n ~ 1, while the zero crossing of o, is shifted to
densities away from half filling. In general, there is an intricate

“®- ¢, Min - ¢y poy MIN
0 U IR S S S IS SR S S Y _3
0.0 0.5 1.0 1.5 2.0

n

FIG. 8. Heat map of (33%’)7 for T =1 in the n versus U plane.
Simulations were performed for U € {2, 4, 6,7, 8,9, 10} to produce
an interpolation. Crosses mark states with o, = 0. Filled circles
denote where ¢, is minimum, filled squares represent ¢, po; = 0, and
black diamonds indicate the loci of minimum ¢, . Results are for
the 10 x 10 lattice.

relation between ¢, £ (1), and o, with minima and maxima
of each term of Eq. (2) being interconnected in complex
ways. Our data of (dn /0T ), shown in Fig. 4 suggests that,
when this quantity is weaker over the Brillouin zone, the sum
of (dmny/dT), weighted by e(k) yields a smaller ¢, for this
system. Hence the lower value of ¢, around n ~ 0.83 in com-
parison with n & 0.5 at strong interactions. This qualitatively
explains why the o, = 0 curve is contained in the (%)T <0
(>0) below (above) half filling in our results of Fig. 8. We
show the entropy s(n) and o, = 0 data for other temperatures
in Appendix C.

The kinetic part of the specific heat suggests carrier mobil-
ity influences the lateral maxima. Thus, we also analyzed the
specific heat as a function of density when an additional hop-
ping ¢’ is added in the % + § direction, breaking particle-hole
symmetry. For ¢ = 1, the system is equivalent to a triangular
lattice.

In Fig. 9(a), we show the cases ' = —0.2, ' = 0, and
t' = 1. At half filling, all of them show a peak, although the
intensity is reduced at ¢’ = 1 compared with the " = 0 case.
For larger doping, the loss of particle-hole symmetry is seen:
the specific heat peak at n ~ 1.5 is larger for the ' = —0.2
than the " = O case, while the peak at n ~ 0.5 has the oppo-
site behavior. For the ' = 1 case, the result is more intense,
with the n = 1.5 peak shifting to lower densities and greatly
diminishing. Moreover, the peak at n = 0.5 is significantly
enhanced. For ¢’ = —0.2, we observe the inverted behavior,
but this specific value of hopping is too small for us to detect
the lateral shift.

In Figs. 9(b) and 9(c), we display the specific heat decom-
position into kinetic and potential contributions with the new
hopping term. Both the shift to lower densities and the inten-
sity decrease in the case of ' = 1 are driven mostly by the
kinetic contribution. In the potential term, we see a stronger
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FIG. 9. Specific heat decomposition for U = 10, T = 1 with an additional hopping ¢’ in the & + § direction in the 10 x 10 lattice. Panel
(a): total specific heat. Panels (b), (c): kinetic and potential energy contributions.

(0d/0T), < 0 below half filling, but there is no adiabatic
cooling above half filling.

IV. CONCLUSIONS

Using quantum Monte Carlo simulations, we studied the
triple-peak structure of the specific heat as a function of
the filling. This effect emerges in the temperature regime
J ST < U, where J = 4t2/U. As the filling of the lattice is
increased below half filling, a decreasing kinetic energy leads
to a lower specific heat at constant density with increasing
U, meaning that it is easier to heat up the system for larger
interaction strengths. The maximum threshold of n = 0.5 in
the specific heat does not depend much on the interaction U
for the square lattice. However, this was considerably altered
in the triangular lattice, with differing heights and positions of
maxima.

The reported effect complements the half-filling ¢,(7T)
known peak structure. We explained it by analyzing the mo-
mentum space distribution n; of the interacting fermions,
showing the low—k electrons become less sensitive to tem-
perature at the interactions and lattice fillings where ¢, (n, U)
behaves differently from the noninteracting case. The dis-
tribution ny is experimentally measurable in cold atom
experiments. Moreover, we detected an enhanced negative
potential energy contribution at lower temperatures. Due to
double occupancy decreasing with temperature, this leads to
adiabatic cooling at a wide range of densities.

Our data suggests a connection between the specific heat
cy(n) decreasing (increasing) below (above) half filling to
(0ng/0T). This quantity is related to a density anomaly,
widely explored in the context of complex fluids and materials
engineering. Its signature in the Hubbard model is o, < 0
below half filling and «,, > 0 above it, which are found for
strong correlations U 2 6.

The density response also regulates thermoelectric prop-
erties: The sign of the Seebeck coefficient (in the long
wavelength and static limits) is determined by the thermal
expansion coefficient, as well as maxima in the entropy as a
function of density. Therefore, Seebeck and density anomalies
are tied together in the regime where the Kelvin formula for
the thermopower is valid. Further research in this direction
could analyze additional interaction scales, such as the ex-

tended Hubbard model, in analogy to classical systems with
multiple potential wells or steps [60].

Understanding thermal anomalies is a crucial step to
stretching the limits of cooling processes. For instance, the
Mpemba effect, which is still the subject of debate in the case
of water, is being studied with quantum simulators [61]: Sys-
tems which are completely different are connected by how fast
cooling or heating can happen. Furthermore, we note that a
finite-temperature approximant for the von Neumann entropy
has been reported to show maxima as a function of density
[62]. A possible avenue of future research is to understand
how these maxima relate to the ones shown in our work.
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APPENDIX A: ¢, DERIVATION
The specific heat at constant density is defined as

(&%)
=== .
aT ),

(A)
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FIG. 10. Average sign at 7 = 0.5 for various interactions U.
Points are for the N = 10 x 10 lattice unless the label specifies
otherwise. The black points correspond to the calculated fillings for
the largest lattice shown in Fig. 3. Continuous lines are a guide to the
eyes.

Since we are working in the Grand Canonical Ensemble, E =
E(T,n)=E(T,n(T, n)), hence

IEN | (OE | (IEY (i1
(ﬁ)n‘(aT>ﬁ(au)T<aT>n' (A
We use that
n
(3_"‘> :_(gz)“ (A3)
T/, (@)T
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Identifying
oE
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i(é)_n) (A7)
=02 o r

we arrive at Eq. (2).

APPENDIX B: SIGN PROBLEM AND ERROR
PROPAGATION

The DQMC technique is unbiased but suffers from the
well-known sign problem [32,33]. This requires a reweighting
of the observables:

(A) = M (B1)

(sgn)

That is, instead of measuring the observable A, we measure
sgn x A and normalize by the average sign. If the average sign
(sgn) is close to zero, good statistical averages for the observ-
able require exponentially longer simulations. The repulsive
Hubbard model is sign-problem-free at half-filling (1 = 0),
but doping changes this scenario. In general, the sign problem
becomes worse at lower temperatures, in larger systems, and
with stronger interactions. In our work, we restricted our-
selves to temperatures at which the sign problem was not
severe. We show our lowest temperature 7 = 0.5 in Fig. 10
for the 10 x 10 lattice.

The DQMC simulations measure (A) multiple times, lead-
ing to an average A and standard deviation SA. We can then
calculate numerical derivatives through finite differences, tak-
ing into account the error bars. For instance, the temperature
derivative of the internal energy and its error are calculated
with

3_E> _ _pEB+28T W) — BB =287, 1)
oT n 4AT ’

s(PE\ _ g2 V/OE(B +2A7, 1) +5E(p — 247, 1)
(8_T>M =F 4AT )

Note that in DQMC there is an imaginary time dimension
which is discretized in At steps. Hence the finite difference
must be applied in temperatures which are an integer multiple
of At. In particular, for 7 = 0.5 we used At =0.05 and
L = 36, 40, 44.

APPENDIX C: ENTROPY FOR VARIOUS TEMPERATURES

Figure 11 shows that we detect the known maxima away
from half filling for all simulated temperatures. While for
T =2 only U=28 and U = 10 show maxima away from
half filling, at T = 0.5 this effect begins already at U = 4.
At the extreme values of n =0 and n = 2, the system is

1.0

0.5

0.0 '
2.0 0.0 05

00 05 10 15

20 00 05 10 15 20
n n

FIG. 11. Entropy s as a function of density n for (a) 7 = 2, (b) T = 1, and (c) T = 0.5 considering interactions ranging from the weak to
the strong coupling limit. The U = 0 line is hidden behind the U = 2 case.
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0.9
4+ T=1
T=2
0.7 --—- Atomic limit |
0 5 4 6 8 10

U

FIG. 12. Location of o, = Skewin = (ds/0n)r =0 for all the
simulated temperatures and interactions, estimated by the average
between densities with opposite «,, signs. Here we plot only n < 1.
Error bars are estimated as the difference between densities with
opposite «,, signs.

a band insulator, leading to zero entropy. Note that at the
low temperature the U = 10 case has the highest entropy
and U = 0 the lowest, while the opposite happens at 7 = 2

for all fillings. The T = 0.5 results were shown previously
in [22].

To map the location of the peaks as temperature changes,
we mark in Fig. 12 the points where o), = Skelvin =
(0s/dn)r = 0, for all simulated temperatures and interactions.
For the higher temperature, strong interactions (U > 8) are
necessary for the change of sign to occur. As the temperature
is lowered, the effect starts to occur at a lower value of U.
Our results are in quantitative agreement with behavior of
the peaks available in the literature, even though the previous
calculation was for a smaller 4 x 4 system [28] which resulted
in additional entropy peaks at other fillings.

APPENDIX D: COMPARISON OF SPECIFIC HEAT
DERIVATIVE AT CONSTANT DENSITY
AND CHEMICAL POTENTIAL

We show in Fig. 13 the momentum-space temperature
derivative of the occupation ny, at constant density n. In a sim-
ilar manner as shown for the constant-y derivative, the strong
interaction at n &~ 0.83 leads to a low temperature sensitivity
in comparison with the other panels.

on .
n ~ 0.30 n =~ 0.51 n ~ 0.83
s T Vs T Vs T 04
™~ 0.3
of 1 of 1 of 4
) 4 0.2
1 0.1
-7 L —T L —T L
- 0 T - 0 T - 0 T 10.0
™ T ™ T s T
1 —0.1
= 1 0.2
: 0 ' ‘ | 0 ! . 1 0 F 1 dg) |
) —0.3
—T L -7 L -7 L —0.4
-7 0 s -7 0 s -7 0 s

L3

FIG. 13. The momentum distribution of (A

). in the first Brillouin zone for interactions U = 2 (upper panels) and U = 10 (lower panels),

and fillings n & 0.3 (left panels), n =~ 0.51 (central panels), and n ~ 0.83 (right panels). The temperature is 7 = 1 and the lattice size is

24 x 24, with a cubic spline interpolation between points.
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