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ABSTRACT

Rigid three-point water models are widely used in molecular simulations, yet they cannot simultaneously reproduce thermodynamic, dielec-
tric, and dynamical properties. We show that these failures do not stem from incomplete parameter optimization, but from physical
constraints that define the topology of the model parameter space. Treating the density anomaly as a master thermodynamic constraint,
we find that viable geometries and electrostatics collapse onto a low-dimensional physical manifold governed by scaling relations. Within this
framework, we identify two topological constraints, an empirical no-go principle, intrinsic to rigid three-point models with standard Lennard-
Jones interactions. First, in the small-angle regime (6 < 108°), matching the experimental dielectric constant requires molecular elongation
that destabilizes the hydrogen-bond network and shifts the temperature of maximum density. Second, enforcing the density anomaly increases
network rigidity, suppressing molecular mobility, and preventing agreement with the experimental self-diffusion coefficient. Together, these
results define the fundamental limits of rigid three-point water models and recast their development as a constrained design problem rather
than an empirical optimization task.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0322846
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I. INTRODUCTION

Liquid water exhibits a set of anomalous thermodynamic and
structural properties that continue to challenge molecular model-
ing. Among these, the temperature of maximum density (TMD)
stands out as an exceptionally sensitive probe of the hydrogen-
bond network and of the underlying potential energy surface. Even
small variations in molecular geometry or electrostatic balance can
lead to pronounced shifts—or even disappearance—of this anomaly,
making the TMD a stringent benchmark for force-field realism.’

Historically, the development of rigid three-point (3P) water
models has been approached as a high-dimensional optimiza-
tion problem, in which electrostatic charges and Lennard-Jones

parameters are iteratively adjusted to reproduce selected target
properties. This strategy has led to increasingly refined parameter-
izations, such as TIP3P-FB and OPC3.>* Despite these advances,
persistent trade-offs remain: improvements in dielectric response
and molecular mobility are frequently accompanied by severe degra-
dation of thermodynamic anomalies, while models that repro-
duce the density anomaly tend to exhibit systematically suppressed
dynamics.””

It is important to note that empirical manifestations of these
limitations have been previously reported. Several studies have doc-
umented the persistent difficulty of simultaneously reproducing
dielectric, dynamic, and volumetric properties within rigid three-
point models.” ® However, these studies framed the problem as a
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challenge of parameter optimization or force-field design. Here, we
demonstrate that these failures originate from intrinsic topolog-
ical constraints imposed by the density anomaly, elevating these
observations to formal no-go conditions.

In this work, we argue that the density anomaly should be ele-
vated from a fitting target to a master thermodynamic constraint that
fundamentally reorganizes the parameter space of rigid three-point
models. In our previous study,' we introduced a hierarchical param-
eterization paradigm demonstrating that the partial charge is the key
control parameter governing the existence of the density anomaly.
Remarkably, the optimal charge required to reproduce the isobaric
density curve was shown to be nearly independent of the H-O-H
bond angle, substantially reducing the effective dimensionality of
the parameter space. This strategy enabled the construction of mod-
els that resolved the long-standing deficiencies of state-of-the-art
parameterizations—most notably the large errors in the thermal
expansion coefficient—by faithfully capturing the TMD and the vol-
umetric response of the liquid. However, in that previous work, we
fixed parameters such as the O-H bond length and a certain range
of H-O-H angles.

In this context, here we generalize these insights into a com-
prehensive diagnostic framework by systematically exploring the
geometric degrees of freedom of the O-H length and H-O-H angle
and identifying the complete manifold of TMD-consistent models.
Within this low-dimensional physical manifold, admissible com-
binations of molecular geometry and electrostatics are no longer
freely selectable, but are deterministically coupled by the require-
ment of reproducing the density anomaly. The development of a
water model is, therefore, transformed from an unconstrained opti-
mization problem into one of navigation along physically admissible
manifolds.

The central objective of this paper is to use this manifold
as a diagnostic tool to delineate the fundamental limits of the
rigid three-point architecture through two distinct no-go condi-
tions. The first is a geometric—electrostatic incompatibility: for bond
angles in the water-like regime (104.5°~106°), reproducing the static
dielectric constant requires a degree of molecular elongation that
inevitably shifts the temperature of maximum density away from
its experimental value. The second is a thermodynamic-dynamic
limitation: enforcing the density anomaly necessarily strengthens
the hydrogen-bond network, suppressing molecular mobility, and
rendering the experimental self-diffusion coefficient unattainable
within this model class.

By explicitly mapping this “manifold of optimality,” we provide
a unified physical explanation for the trade-offs widely reported in
the literature. More broadly, this analysis establishes that the long-
standing search for a universally accurate rigid three-point water
model is fundamentally constrained by topology rather than by a
parameterization strategy, thereby defining the ultimate limits of
accuracy achievable within this class of models.

Il. METHODOLOGY
A. Model definition and interaction potential

In this work, we employ a rigid three-site representation of the
water molecule. The molecular geometry is defined by two hydrogen
atoms and one oxygen atom constrained to a fixed isosceles triangle
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qo

FIG. 1. Schematic representation of the rigid three-site water model employed in
this work. The geometry is governed by the bond length / and the bond angle
0. The interaction sites consist of a Lennard-Jones center located at the oxygen
atom (characterized by o, and €,) and point charges g, and q distributed on the
oxygen and hydrogen atoms, respectively.

configuration, characterized by the length of the OH bond, denoted
I, and the angle of the OH bond, 6.

The intermolecular interaction energy U,, between two water
molecules a and b is modeled as a superposition of a Lennard-
Jones (L]) potential acting between the oxygen sites and a Coulombic
potential acting between all charged sites,

Uab ‘4€L1[(0U)12— ("”)6] Ty "L]% )

roo roo ica jeb Ti

where roo is the distance between the oxygen atoms of molecules
a and b, and ¢r; and oy are the Lennard-Jones potential well depth
and the collision diameter (intermolecular distance where the poten-
tial is zero), respectively. The second term represents the electro-
static interaction, where k. is the Coulomb constant, g, and q ; are the
partial charges on the sites i and j, respectively, and r;; is the distance
between them. The electrostatic distribution is modeled by placing
positive partial charges +q on each hydrogen atom and a com-
pensating negative charge q, = —2q on the oxygen atom to ensure
molecular neutrality. In our parameterization protocol, the disper-
sive parameter ¢ is kept fixed, while the geometric parameters (I, 6),
the exclusion diameter (01;), and the partial charges (q) are treated
as variables to map the manifold of optimality (Fig. 1).

B. Evolution of parameterization strategies

Rigid water models are generally classified by the number of
interaction sites, ranging from the computationally efficient three-
point (3P) models to the more structurally detailed four- and five-
point representations.”’ Despite the superior structural accuracy
of multi-site models, rigid 3P models remain the workhorses of
biomolecular simulation due to their low computational cost. The
development of these models has historically followed two distinct
paradigms.

The first generation, or “classical models,” relied on fixed
geometries derived from physical phases. The SPC and SPC/E
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models”" adopted the tetrahedral angle of ice (6 = 109.47°), pri-
oritizing the reproduction of bulk density and enthalpy. Conversely,
the TIP3P model'' employed the experimental gas-phase geometry
(6 =104.52°), which, while realistic for a single molecule, necessi-
tated a compromise in liquid-state properties, such as the underesti-
mation of the structure beyond the first coordination shell.

The second generation, or “modern models,” shifted the focus
from physical intuition to mathematical optimization. Approaches
such as ForceBalance, used for TIP3P-FB,” frame parameteriza-
tion as a high-dimensional optimization problem, minimizing a
penalty function against a broad set of experimental data. Sim-
ilarly, the OPC3 model® was developed through a systematic,
exhaustive search of the parameter space to minimize the error
in fluid properties. Other strategies, such as the one employed
for H20DC," use sequential optimization of density and dielectric
permittivity.

Rigid water models have historically followed divergent
developmental paths. The first generation, or “classical models,”
relied on fixed geometries derived from physical phases. The
SPC and SPC/E models”'’ adopted the tetrahedral angle of ice
(6 =109.47°), prioritizing bulk density and enthalpy. Conversely,
the TIP3P model'' employed the experimental gas-phase geometry
(6 = 104.52°), which necessitated a compromise in the liquid-state
structure.

The second generation shifted focus from physical intuition to
mathematical optimization. Approaches such as ForceBalance (used
for TIP3P-FB?) and the systematic search of OPC3’ frame param-
eterization as a high-dimensional minimization problem against
large datasets. While these models successfully reproduce transport
and dielectric properties, they often do so by neglecting the physi-
cal coupling between parameters, leading to severe degradations in
thermodynamic anomalies and interfacial properties.

More recently, distinct efforts have been made to reclaim
structural accuracy by prioritizing physical constraints over broad
statistical fitting. The TIP3P-ST model,® for instance, was explic-
itly parameterized to reproduce surface tension and density; yet,
consistent with the trade-offs we explore in this work, this improve-
ment in cohesion came at the direct cost of suppressed molecular
diffusion. Similarly, in our previous study,’ we proposed a hierar-
chical parameterization centered on the density anomaly, demon-
strating that the hydrogen partial charge is the primary control
parameter for the TMD. However, that study was restricted to
fixed geometries, leaving the full interplay between bond angle,
bond length, and the physical boundaries of the model unex-
plored. The persistent inability of these approaches—despite their
sophistication—to simultaneously reproduce the full hierarchy of
water anomalies suggests that the limitation lies not in the optimiza-
tion method, but in the intrinsic topology of the model’s parameter
space. It is this fundamental hypothesis that we explore in this
work.

C. Parameterization protocol

Our parameterization strategy employs a hierarchical, physi-
cally guided approach designed to map the manifold of optimality.
The protocol proceeds by decoupling the electrostatic parameter (g)
from the steric parameter (o1;) based on the following steps:

ARTICLE pubs.aip.org/aipl/jcp

Charge law definition (universal hypothesis): First, we estab-
lish the optimal charge-distance relationship, g(I). Based
on our previous work," this scaling law was determined by
optimizing the partial charge g to satisfy the density anomaly
curvature using a fixed, standard geometry (6 =109.47°).
We then hypothesize that this g(I) relationship is a univer-
sal property primarily dependent on bond length and largely
independent of the bond angle 6.

Geometric sampling: We systematically explored the geomet-
ric space by varying ! within the range (0.096,0.103) nm. The
H-O-H bond angles (8) were explicitly chosen to represent
key physical and historical benchmarks in water modeling, as
well as to verify the continuity of the solution space:

e 0=104.52°: The experimental angle of the water
molecule in the gas phase.

e 0=106.00°: An intermediate value chosen to bridge
the gap between the experimental geometry and the
optimized TIP3P-FB angle, verifying the smoothness
of the manifold.

e 0=108.15": The angle optimized for the TIP3P-
FB model,” representing flexible/force-balanced
parameterizations.

e 0 =109.47°: The ideal tetrahedral angle, characteristic
of the hydrogen bond network in ice and used in the
classical SPC/E model.”

e 0 =110.2°: The angle used in our previous study.’

Automated steric optimization (ory): We test this hypothe-
sis for each fixed geometric tuple (I,6); we apply the uni-
versal charge q(I) derived from step 1. This methodology
reduces the complex optimization problem to finding a single
unknown: the Lennard-Jones size parameter, ory. This para-
meter is then optimized to reproduce the experimental density
at the Temperature of Maximum Density (TMD). We targeted
=999.9 kg/m’ at T = 280 K."?

The Lennard-Jones well-depth parameter ; was held
fixed at the SPC/E value of 0.65 k]/mol to isolate the interplay
between electrostatics and steric repulsion.'” While a compre-
hensive variation of ¢1; is beyond the scope of this work, pre-
liminary sensitivity analyses suggest that varying ;; primarily
shifts the vertical position of the o7;(1, 6) manifold without
altering its fundamental shape or the linearity of the charge
scaling law q(1). Thus, the “manifold of optimality” described
here represents a cross section of a larger hyper-surface, yet
the scaling principles remain robust.

Supporting simulations using er; = 0.684 kJ/mol (OPC3
value) confirm that the g(!) scaling remains linear, with only
a modest reduction in slope (¥8%), and the topological struc-
ture of the manifold, including the no-go boundaries, is pre-
served. A full mapping of the ej-extended hypersurface will
be presented in a dedicated follow-up study.

Algorithmic convergence: The optimization (step 3) was per-
formed using a custom-developed Python automation agent.
This agent employs a secant method algorithm, seeded by
an intelligent estimator function derived from previously

P exp
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converged geometric families. Convergence was defined by a
stringent tolerance of |p; - pmget| <03 kg/m’.

D. Simulation details

All Molecular Dynamics (MD) simulations were performed
using the GROMACS 2021.4 package. The water molecules were
treated as rigid three-site bodies, with bond constraints enforced
using the SETTLE algorithm. The equations of motion were inte-
grated using the leap-frog integrator with a time step of 2 fs.
Long-range electrostatics were evaluated with the Particle Mesh
Ewald (PME) method, employing fourth-order interpolation, a real-
space cutoff of 1.0 nm, and a Fourier grid spacing of 0.2 nm.
Lennard-Jones interactions were truncated at 1.0 nm, and standard
long-range dispersion corrections were included for both energy and
pressure.

For each candidate parameterization, the simulations followed
a standardized equilibration-production protocol. After energy
minimization, systems were equilibrated for 100 ps in the canon-
ical ensemble (NVT) using the V-rescale thermostat with a cou-
pling constant of 77 = 0.1 ps. This step was followed by 500 ps
of isothermal-isobaric equilibration (NPT), in which pressure was
maintained at 1 bar using the Parrinello-Rahman barostat (isotropic
coupling, 7p = 5.0 ps, compressibility 4.5 x 107>, bar™"). Velocities
were not reassigned between stages.

Two categories of production simulations were performed: (i)
Short production runs (16 ns), from which the first 2 ns were
discarded, were used in the parameter-search stage to evaluate den-
sity, thermal expansion, and isothermal compressibility. (ii) Long
production runs (100 ns) were carried out for the final, selected
parameterization to obtain statistically converged estimates of the
static dielectric constant, self-diffusion coefficient, and radial dis-
tribution functions. All production trajectories were generated in
the NPT ensemble using the Nosé-~Hoover thermostat (77 = 1.0 ps)
and the Parrinello-Rahman barostat with the parameters described
above.

The total system size consisted of 458 water molecules in a peri-
odically replicated cubic box, matching the standard configuration
for benchmarking three-site water models and ensuring consistency
with the reference calculations in the literature.

E. Calculation of properties

Thermodynamic properties were derived from the produc-
tion trajectories using standard statistical mechanical relations and
numerical analysis. The temperature of maximum density (TMD)
was determined by performing a series of isobaric simulations
ranging from 240 to 340 K. The resulting density-temperature
profile, p(T), was fitted to a fourth-order polynomial, and the
TMD was identified as the global maximum of this function. The
thermal expansion coefficient, ap, was subsequently calculated ana-
Iytically from the derivative of this polynomial fit according to
ap=—p ' (0p/OT)p.

The isobaric heat capacity (C,) was computed as the deriva-
tive of the total enthalpy with respect to temperature, (O0H/OT)p,
obtained via linear regression of the enthalpy-temperature data. To
account for nuclear quantum effects related to the intermolecular
librational modes, which are neglected in rigid classical models, a
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correction of —14.1 J mol™" K™ was applied to the classical C,
values, following the methodology proposed by Vega et al."*

The isothermal compressibility (xr) was calculated from the
volume fluctuations in the NPT ensemble using the following
relation:

(v2) - (v)?

T(V) @

Kr =
where V is the volume of the simulation box, T is the temperature,
and kg is the Boltzmann constant.

For the transport and dielectric properties computed from the
long production runs, the self-diffusion coefficient was calculated
from the slope of the mean squared displacement (MSD) via the
Einstein relation. To correct for finite-size effects inherent to simula-
tions under Periodic Boundary Conditions (PBCs), which systemati-
cally underestimate diffusion due to hydrodynamic self-interactions,
we applied the Yeh-Hummer correction,'

kpTé&

Dy =D + s
0 PBC 67TT’]L

3

where Dppc is the raw diffusion coefficient obtained from the sim-
ulation, Dg is the corrected value, £ = 2.837 is the dimensionless
constant for a cubic lattice, # is the shear viscosity, and L is the length
of the simulation box edge.

The static dielectric constant (&) was derived from the fluctua-
tions of the total dipole moment (M) of the system,

2 2
o1 M- (M) (4)
380 VkB T

where & is the vacuum permittivity. The liquid-vapor surface
tension (y) was computed using the mechanical definition based
on the pressure tensor components. Starting from an equilibrated
cubic liquid configuration, the simulation box was elongated in the
z-direction to a total length of 10 nm, creating a slab geometry with
two liquid-vapor interfaces perpendicular to the z-axis.

Production runs for surface tension were performed in the
canonical ensemble (NVT) for 10 ns. The value of y was determined
from the diagonal components of the pressure tensor (Pxx, Pyy, P:)
using the following relation:

L Py + P
y:EZ(Pzz_%)) (5)

where L is the length of the simulation box normal to the interface,
and the factor of 1/2 accounts for the presence of two interfaces in
the periodic system.

lll. RESULTS AND DISCUSSION
A. The density-consistent manifold

In our previous work,' we proposed that there is an optimum
hydrogen partial charge (g) for a specific O-H length and H-O-H
angle for obtaining the experimental value of the density anomaly,
not for a single temperature but for a range of temperatures. In
Fig. 2(a), following the strategy proposed in the previous work," we
illustrate how this optimum hydrogen charge relates to the O-H
length in a linear way. For each value of the optimum charge q, there

8% :€€ :0T 9202 |!4dv 60
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is a Lennard-Jones optimum parameter o1;(J,0). Figure 2(b) shows
how o15(1, 8) varies with the O-H distance for different 6, indicating
a linear result.

The following two fundamental behaviors define this mani-
fold:

e Universal charge scaling: The partial charge required to
reproduce the TMD exhibits a robust linear dependence
on bond length (I), described by q(I) ~-7.68]+ 1.21
(R? > 0.999). Crucially, this relationship is largely indepen-
dent of the bond angle 6.

e Geometric steric compensation: The Lennard-Jones size
parameter (o1;) also scales linearly with I, but its slope
is modulated by 0, creating a family of compensating
trajectories.

Physically, these scaling laws represent a necessary energetic
balance. As the bond length [ increases, the geometric separa-
tion of charge centers naturally tends to amplify the molecular
dipole moment (u = 2glcos(6/2)). If the partial charge q remained
constant, this elongation would excessively strengthen electro-
static cohesion, over-stabilizing the tetrahedral network. There-
fore, to maintain the specific enthalpy-entropy balance required
for the TMD to occur at ~277 K, the partial charge q must
decrease linearly. This observed trend acts as a compensatory
mechanism to counteract geometric amplification, thereby reg-
ulating the effective cohesion of the fluid to prevent structural
freezing.

The manifold H,O/DA described above transforms the param-
eterization problem: one cannot freely choose parameters. To retain
the density anomaly, any choice of geometry (I, 8) dictates a specific,
non-negotiable set of electrostatic () and steric () parameters. It
is strict adherence to this manifold that ultimately gives rise to the
limiting empirical no-go principles discussed below.
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B. The dielectric-consistent subset and electrostatic
master curve

While the manifold defined in Sec. III A ensures density con-
sistency, reproducing the static dielectric constant (&) adds a second
constraint. Our analysis reveals that within the H,O/DA manifold,
¢ scales linearly with bond length [ for any fixed angle 0 (Fig. 3).
This linearity allows us to deterministically identify the unique bond
length ,y: required to match éexp ~ 78.4 for each H-O-H angle, as
shown in Fig. 3.

We define the collection of these dual-consistent models as
the H,O/DA; subset. Unlike trial-and-error parameterizations, this
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FIG. 3. Universal scaling of & within the H,O/DA manifold. The stars indicate the
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FIG. 2. Scaling laws defining the H,O/DA manifold. (a) Universal charge scaling q(/), showing the optimal partial charge vs bond length. The inset presents the linear
equation relating the optimum charge, g, to the O-H length, /. (b) Angle-dependent steric scaling o1y(/, 8). The optimal Lennard-Jones ¢ varies linearly with length,
modulated by the bond angle, serving to calibrate the molecular excluded volume to match the absolute experimental density.
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subset represents the rigorous intersection where both the density
anomaly and dielectric response are mathematically satisfied.

The members of this H,O/DA, subset govern a strict trajectory
in the electrostatic phase space, described by a master curve, relating
the dipole moment (¢) to the quadrupole moment (Qr),

#(Qr) ~5.82QF —23.39Qr +25.85 (R ~ 0.997). (6)

As shown in Fig. 4, this polynomial acts as a physical baseline. Suc-
cessful empirical models such as OPC3 and TIP3P-FB cluster near
the minimum of this curve (0~ 104.52°), while classical models
such as TIP3P deviate significantly.

Crucially, while Eq. (6) defines the necessary electrostatic bal-
ance for dielectric consistency, it does not guarantee thermody-
namic stability across all angles. It is precisely the strict adherence
to this master curve that forces the system into the geometric
incompatibility described in Sec. ITI C.

C. The geometric-electrostatic no-go condition

The superposition of the density manifold (Sec. III A) and
the dielectric master curve creates a fundamental boundary in the
parameter space. While high-angle models (6 > 108°) successfully
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capture the behavior of water, a distinct physical limit emerges for ~ bond (I > 0.105 nm). However, our sensitivity analysis [Fig. 6(b)]
narrower geometries (6 < 107°). reveals a critical trade-off: the temperature of maximum density

In this regime, matching the experimental dielectric con- exhibits a sharp, inverse dependence on bond length (Tump o< —I).
stant (e~ 78) requires a systematic elongation of the O-H As [ increases, the effective volume of the molecule expands,

TMD Heatmap: User Models vs Literature
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weakening the tetrahedral network stability required for the thermodynamics. This is explicitly demonstrated in Fig. 5: for the
anomaly. experimental angle of 104.52°, the elongation required to match

Consequently, the very mechanism used to correct the elec- € suppresses the density anomaly entirely, resulting in a flattened
trostatics (bond elongation) is responsible for destroying the isobaric profile without a defined TMD.

Heatmap: Thermal Expansion Coefficient ap
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This causal link establishes the first **no-go condition™* for
rigid three-point models: it is effectively impossible to simultane-
ously reproduce the experimental bond angle, the TMD, and the static
dielectric constant, because the bond length required for the latter
structurally precludes the former.

This topological barrier rationalizes the historical evolution
of water models. Successful parameterizations such as TIP3P-FB
and OPC3 have systematically converged toward wider angles
(108°-110°). Our analysis confirms that this is not merely an
empirical fitting choice, but a necessary condition to access the
phase space region, where the dielectric requirement does not

TABLE 1. Thermal expansion coefficient (ap) at 298.15 K. The values for the TMD-
consistent models (6 > 108°) fall within the experimental range, whereas literature
models that violate the density manifold to fix electrostatics (e.g., OPC3 and TIP3P-
FB) exhibit large errors (>60%). Note that our low-angle models (6 < 108°),
discussed in Sec. Il F, also exhibit large deviations (ap > 4.0), confirming the no-go
limitation.

Model ap (1074 K™) Error (%)
H,O/DA (TMD-consistent) 2.45-2.61 <+4.5
TIP3P-ST 2.40 -6.3
TIP3P-FB 4.10 +60.2
OPC3 4.30 +68.0
H20DC 4.48 +75.0
TIP3P 9.20 +259.4
SPC/E 5.00 +95.3

80
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force the bond length into a regime that obliterates the density
anomaly.

The topology of this limitation is further mapped in Fig. 6.
The heatmap of the TMD error reveals a sharp penalty for devi-
ating from the optimal geometric manifold. Furthermore, the sen-
sitivity plots confirm that [ is the primary control parameter for
the anomaly temperature. The breakdown of linearity at large
I (required for low-angle dielectric correction) marks the physi-
cal limit, where the rigid three-point approximation fails due to
non-linear steric-electrostatic coupling.

It might be hypothesized that increasing the Lennard-Jones
potential depth (ery) could stabilize the hydrogen bond network
against the disruption caused by bond elongation. However, increas-
ing er increases the fluid density; the subsequent correction of
density requires a larger collision diameter (o1;), which effectively
negates any stabilization of the TMD or a reduction in the required
bond elongation.

D. Thermal expansion as a structural probe

The thermal expansion coefficient (ap) serves as a strict con-
sistency check for the density anomaly. Since the TMD is mathe-
matically defined by the condition ap = 0, correctly capturing the
temperature response of the hydrogen bond network implies that
the region of optimal ap must coincide with the TMD manifold.

Figure 7 confirms this strict physical coupling. The parameter
region that minimizes the error in ap (the “valley of optimality”)
overlaps precisely with the density-consistent manifold identified in
Sec. 111 A. This demonstrates that the accurate volumetric response is
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not an independent parameter to be fitted, but an emergent property
of maintaining the correct steric—electrostatic balance.

This coupling further exposes the consequences of the
geometric—electrostatic no-go condition. Literature models that pri-
oritize dielectric accuracy at non-tetrahedral angles (e.g., TIP3P-FB
and OPC3) are forced out of this optimal manifold. Conse-
quently, as shown in Table I, they systematically overestimate ap by
~60%-75%." In contrast, by strictly adhering to the density mani-
fold, the H,O/DA family naturally reproduces ap within 4.5% of the
experimental value, without explicit fitting.

The geometric sensitivity analysis [Fig. 7(b)] reinforces that
the O-H bond length is the dominant control parameter.! High
accuracy in ap requires bond lengths loy > 0.102 nm, suggesting
that slight molecular elongation is physically necessary to generate
the correct anharmonicity in the rigid three-point potential energy
surface.

E. Surface tension as an emergent structural validator

Surface tension (y) provides a critical probe of the liquid’s
cohesive energy and local ordering. Within the context of the
empirical no-go principles, y serves as an independent valida-
tor of the structural rigidity imposed by the density anomaly
constraint.

Figure 8 demonstrates that models belonging to the H,O/DA
manifold naturally reproduce the experimental surface tension as
an emergent property, without explicit fitting. The average value of
63.8 mN m™" (reaching up to 68.7 mN m™" for optimized geome-
tries) arises directly from the specific electrostatic—steric balance

ARTICLE pubs.aip.org/aipl/jcp

required to stabilize the open tetrahedral network of the density
anomaly.

This result highlights a physical dichotomy in rigid three-
point modeling. Models that capture the anomalous thermodynam-
ics (H,O/DA and TIP3P-ST) consistently exhibit high interfacial
cohesion. In contrast, models that relax the structural constraints
to improve transport properties or simplify parameterization
(e.g., standard TIP3P and SPC/E) fail to generate sufficient cohesive
force, underestimating y by up to 35%.

Therefore, high surface tension is identified here not just as
a target property, but as the structural signature of a density-
consistent model. This strong cohesion, however, acts as the physical
precursor to the thermodynamic-dynamic no-go condition discussed
next: the same rigidity required for realistic interfacial tension
inevitably suppresses molecular mobility.

F. Dielectric consistency and the thermodynamic cost

To rigorously probe the fundamental limits of the rigid three-
point architecture, we construct the H,O/DA, subset by identifying,
for each angular family, the bond length I required to reproduce
the experimental static dielectric constant (& ~ 78.5).

As shown in Fig. 9, matching the dielectric constant is mathe-
matically attainable across the entire geometric spectrum. This result
highlights that dielectric accuracy alone does not constitute a dis-
criminating criterion for model realism. However, enforcing this
constraint carries a nontrivial thermodynamic cost that depends
critically on molecular geometry.

Dielectric Constant: H,O/DA vs Literature
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FIG. 9. Static dielectric constant (&) as a function of molecular geometry. While & can be reproduced at any bond angle, only high-angle geometries do so without violating
thermodynamic consistency. The blue bars represent the H,O/DA, family models, and the gray bars denote the literature values taken from Refs. 4 and 15.
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10 The Dielectric-Thermodynamic Trade-off
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FIG. 10. Thermodynamic cost of enforcing dielectric consistency. Models that reproduce ¢ at low bond angles (red bars, e.g., OPC3) severely overestimate the thermal
expansion coefficient, effectively destroying the density anomaly. In contrast, only high-angle geometries (blue bars) simultaneously satisfy both dielectric and thermodynamic
constraints. The literature values were taken from Refs. 4 and 15.
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literature models (gray)*'® at 298.15 K. The dashed line represents the experimental value (2.30 x 10~° cm? s="). While literature models such as OPC3 achieve experi-
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This cost is revealed by the dielectric-thermodynamic
trade-off shown in Fig. 9. For water-like, narrow geometries
(104.52°-106.00°), the bond elongation required to reproduce &
leads to a severe overestimation of the thermal expansion coefficient,
with ap > 4.0 x 107 K™'. As a consequence, the temperature of
maximum density is either shifted far from its experimental value
or completely lost.

This behavior mirrors that of modern rigid three-point poten-
tials, such as OPC3 and H20DC, which accurately reproduce
€ but systematically fail to describe ap, with errors exceeding 60%.
Within the present framework, this failure is not incidental but con-
stitutes direct evidence of a geometric-electrostatic no-go condition:
for experimental bond angles, dielectric consistency and thermody-
namic consistency are mutually incompatible in rigid three-point
models (Fig. 10).

In contrast, geometries approaching the tetrahedral limit
(6~ 109.47°) evade this incompatibility. In this regime, the bond
length required to reproduce ¢ remains compatible with the density-
anomaly manifold, allowing ap to be simultaneously reproduced
within acceptable accuracy. This behavior rationalizes the high-
angle strategy implicitly adopted by models such as TIP3P-ST and
confirms that tetrahedral geometries represent the only thermody-
namically admissible solution for dielectric consistency within the
rigid three-point framework.

G. Dynamics as a consequence of structural
optimality

While  tetrahedral H,O/DA  models resolve the
dielectric-thermodynamic incompatibility, they expose a sec-
ond, independent limitation associated with molecular transport.
The self-diffusion coefficients obtained for these structurally
consistent models lie in the range D~ (1.4-1.6) x 107> cm®s™",
systematically below the experimental value of ~2.3 x 107> cm®s™"
(Fig. 11).

This reduction in mobility is not a failure of parameteriza-
tion but a direct structural consequence of enforcing the density
anomaly. The enhanced rigidity of the hydrogen-bond network
required to stabilize the tetrahedral arrangement necessarily sup-
presses translational motion. Within the present framework, this
establishes the thermodynamic-dynamic no-go condition: the simul-
taneous reproduction of the temperature of maximum density and
the experimental self-diffusion coefficient is unattainable within
rigid three-point models.

Together, these results demonstrate that dielectric accuracy,
thermodynamic anomalies, and molecular mobility cannot be
jointly optimized within a rigid three-site architecture. The observed
trade-offs are, therefore, intrinsic, delineating the fundamental
boundaries of this model class.

H. Compressibility and diffusion: Structural trade-offs

While the H,O/DA models accurately reproduce the lig-
uid density, the thermal expansion coefficient, and—through
the master-curve extrapolation—the static dielectric constant, the
second-order thermodynamic and dynamical properties exhibit
systematic deviations. These behaviors are not numerical arti-
facts, but rather intrinsic physical consequences of imposing strict
density-anomaly constraints within a rigid three-site framework.

ARTICLE pubs.aip.org/aipl/jcp

For the isothermal compressibility, the computed values across
all 34 models lie within a narrow interval of «r € [4.15,4.35]
x107'° Pa™!. A comparison with the experimental value at 298 K
(17P ~ 4.6 x 107 Pa™") reveals a consistent underestimation, indi-
cating that the optimized equation of state is slightly too stiff. The
weak dependence of xr on either bond length I or angle 6 suggests
that once the density and the TMD are enforced, the magnitude
of volumetric fluctuations becomes effectively predetermined. This
coupling between the density constraint and the repulsive-core stiff-
ness is a known limitation of rigid three-point models, shared by
parameterizations such as OPC3 and TIP3P-FB.

A more pronounced structural signature arises in the self-
diffusion coefficient (D) 11. The H,O/DA family yields values in
the range D € [1.08,1.30] x 107> cm?® s™', significantly below the
experimental expectation (Dexp » 2.30 x 107° cm? sfl). Despite this
systematic deviation, internal trends across the manifold remain
physically consistent: for a fixed angle, increasing the bond length
I correlates with an increase in D. For instance, at 6 = 104.52°,
increasing I from 0.096 to 0.1 nm raises the diffusion coefficient from
1.09 to 1.24 x 107> cm?® s™*. This trend parallels the linear dielec-
tric scaling described in Sec. I1I B, indicating that geometric tuning,
which enhances the dipole moment, also modifies the rigidity of the
local hydration cage, modestly facilitating molecular mobility.

That the diffusion coefficient remains systematically lower
than the experiment reflects a fundamental topological trade-off.
Achieving realistic density and TMD behavior in rigid three-point
models requires a structurally reinforced hydrogen-bond network
that inevitably suppresses translational mobility. Consequently, the
simultaneous optimization of first-order thermodynamic properties
(density, TMD, ap) and dynamical properties (diffusion) is intrin-
sically limited. The H,O/DA manifold prioritizes structural and
thermodynamic fidelity, accepting slower dynamics as the neces-
sary and physically consistent consequence of strictly reproducing
the density anomaly.

I. The Pareto frontier: A structural-dynamic
bifurcation

The synthesis of our geometric and dynamic analyses reveals
that the limitations of rigid three-point water models are not
methodological, but topological. As visualized in the global error
landscape (Fig. 12), there exists a fundamental Pareto frontier, where
thermodynamic fidelity and transport rates compete.

This landscape exposes a distinct bifurcation in model design:

e The dynamics-first branch (e.g., OPC3 and TIP3P-FB):
These models occupy the upper-left region. They achieve
experimental diffusion rates (D) and dielectric constants
(¢) by relaxing the tetrahedral stiffness. Consequently,
models optimized for ambient density (such as OPC3)
serve biomolecular applications excellently, where solvation
and mobility at physiological temperatures are paramount.
However, the inevitable cost, as predicted by the first no-
go theorem, is the degradation of the density anomaly and
thermal expansion (ap errors >60%).

e The structure-first branch (H,O/DA and TIP3P-ST): These
models occupy the lower-right region. By prioritizing the
density anomaly, they naturally recover surface tension and
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Thermodynamic-Dynamic Trade-off in Water Models

50 -20.0
@ H:0/DA,
[ Literature
-17.5
40
TIP3P-ST 15.0
109.47°
—_ 110.2° ) .
X o FIG. 12. Pareto frontier of rigid three-
oy 108.15° 2 point water models. The scatterplot
Q3 () S123 = reveals the intrinsic bifurcation: one can
5 A minimize the structural error (ap, left) or
E 9 the dynamic error (D, top), but not both
= 100 3 simultaneously. The color scale indicates
e 3 the ¢ error. Our H,O/DA models (circles)
2 20 m prioritize the structural branch, accept-
= 104.52° 75 S ing slower dynamics to preserve the
o . S density anomaly, while literature mod-
& < els (squares) sacrifice the anomaly for
SPC/E <o speed.
10 106.0° m
TIP3P-FB - 2.5
OoPC3
0
-0.0
0 20 40 60 80 100
Thermal Expansion Error (ap) [%]
heat capacity. However, as predicted by the second empiri- This trade-off is physically intrinsic. The “structural tightening”
cal no-go principle, the structural rigidity required for these observed in the oxygen—oxygen radial distribution function (goo)
properties imposes a kinetic penalty, reducing diffusion by =~ for H;O/DA models confirms that the very cage rigidity needed to
~20 - 30%. stabilize the TMD is what restricts molecular mobility.
TABLE II. Global performance comparison at 298.15 K. Errors are reported as Absolute Percentage Error (APE) relative to
experimental references. The global score (&gq4) is the unweighted average APE over all eight properties. Bold values
indicate the minimum error (best performance), and italic values indicate the maximum error (worst performance) for each
property across all models. Experimental values: p = 997 kg m=3, AHyap = 44.0 k) mol™", ap = 2.6 x 1074 K™, k7 = 452
x 108 bar~!, e =784,y=720mNm~!, D =23 x 10"5 cm? 57", C, = 75.3 Jmol~* K~".
Model p AHyap ap KT € y D G Eaova
Classical
TIP3P 1.7 0.5 259.4 2.1 21.2 347 1487 11.2 59.9
SPC/E 0.3 0.9 95.3 1.8 69 21.0 10.4 1.2 17.2
Modern
TIP3P-FB 0.7 2.2 60.2 52 08 163 7.0 5.6 12.3
OPC3 0.6 0.5 68.0 2.5 08 153 0.9 4.1 11.6
H20DC 0.1 14 75.0 0.7 04 237 5.7 33 13.8
TIP3P-ST 0.1 7.8 6.7 123 33 114 354 4.9 10.2
This work
A_109.47_1,_0.10032 0.0 34 7.8 5.1 0.0 4.6 34.2 2.8 7.2
A_108.15_1_0.10382 0.1 0.3 7.3 3.0 14 137 29.4 3.1 7.3
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Therefore, the H,O/DA manifold represents a conscious choice
for the structural branch. We posit that for applications where
phase behavior, interfacial thermodynamics, and structural order-
ing are paramount, the underestimation of diffusion is an acceptable
and physically consistent price to pay for retaining the density
anomaly.

J. Minimizing the error under no-go constraints

The no-go conditions established in Secs. 111 A-III I imply that
a “perfect” rigid three-point water model is topologically impossible.
Consequently, the goal shifts from seeking an unattainable ideal to
identifying the **optimal physical compromise™*.

To quantify this, we define a global performance score (o1
based on the Mean Absolute Percentage Error (MAPE) over eight
diverse physical properties. This metric treats all observables equally,
allowing us to evaluate which strategy—prioritizing structure or
dynamics—yields the best average representation of liquid water.

Table IT presents the results, revealing a distinct hierarchy and
bifurcation in model design:

1. The classical baseline (TIP3P and SPC/E): These early mod-
els suffer from large deviations. TIP3P, in particular, exhibits
massive errors in expansion (ap) and dynamics, yielding a
global error score of ~58%.

2. The dynamic branch (OPC3 and TIP3P-FB): These mod-
ern potentials minimize diffusion errors (D error <1%) and
dielectric deviations. However, as predicted by the first empir-
ical no-go principle, this comes at a severe cost to struc-
tural derivatives (ap errors >24 — 60%) and surface tension,
resulting in global scores between 7.8% and 11.6%.

3. The structural branch (TIP3P-ST and H;O/DA): The
TIP3P-ST model, which like our work prioritizes surface ten-
sion and density, confirms the physical trade-off: it achieves
excellent ap accuracy (6.7% error) but suffers from slow
dynamics (35% error in D).

Our H,0/DA framework refines this “structural strategy.” By
strictly adhering to the density manifold, our models achieve the
lowest global error scores in this study (£gopa ~ 7.2%). They out-
perform the “dynamic strategy” of TIP3P-FB and OPC3 on average,
demonstrating that while the kinetic penalty is unavoidable in rigid
models, it is numerically smaller than the structural distortions
required to fix the dynamics.

Notably, our tetrahedral model (A_109.47_L_0.10032) sur-
passes TIP3P-ST (& =10.2%) by improving the enthalpy of vapor-
ization and dielectric constant, offering the most balanced rigid
three-point representation currently available for thermodynamic
and interfacial applications.

K. Generalization: The hierarchy
of anomalous constraints

The findings of this work suggest a broader theoretical impli-
cation. We posit that the density anomaly is not unique in its
organizing role; rather, it is likely the most accessible member of a
broader hierarchy of water anomalies, each imposing independent
topological constraints on the admissible parameter space.

Just as the density anomaly confines the parameter space to the
H,0/DA manifold, we hypothesize that other anomalous behaviors,
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such as the diffusivity anomaly (maximum in D under pressure)
or the heat capacity anomaly, define their own characteristic man-
ifolds. In this geometric framework, the “perfect” water model
would correspond to the mutual intersection of all these anomalous
surfaces.

However, the empirical no-go principles identified here for
the density anomaly imply that these manifolds may not necessar-
ily overlap within the rigid three-point architecture. For instance,
the region of parameter space that satisfies the structural anomaly
(TMD) is shown here to be topologically distinct from the region
satisfying fast dynamics. This suggests that the phase space of rigid
water models is fragmented, preventing the simultaneous capture of
the full hierarchy of water’s anomalous physics.

Furthermore, the framework could be extended to explore the
thermodynamic stability of water in the supercooled regime. By
incorporating the relative free energy between the liquid and ice
as an additional constraint, one could define a “low-temperature
optimality sub-manifold.” However, consistent with the no-go prin-
ciples identified here, we anticipate that enforcing the experimental
melting point within a rigid three-point architecture would likely
displace the density anomaly toward higher temperatures. This
potential incompatibility reinforces our thesis that the parameter
space is fragmented, preventing a simultaneous and accurate capture
of the full hierarchy of water’s anomalous physics.

This perspective recasts the future of water modeling: the chal-
lenge is not merely to “fit” parameters, but to map the topology
of these intersecting (or disjoint) manifolds. Understanding which
anomalies are topologically compatible and which are mutually
exclusive will be key to designing next-generation purpose-specific
force fields.

IV. CONCLUSION

In this work, rather than proposing a standard parameter opti-
mization, we investigated the topological limits of the rigid three-
point water model architecture. By elevating the density anomaly
to a master holonomic constraint, we demonstrated that physically
meaningful models collapse onto a low-dimensional manifold of
optimality (H,O/DA).

Our analysis suggests that the failure of three-point mod-
els to simultaneously reproduce thermodynamic and dynamic
anomalies arises not only from incomplete parameter optimiza-
tion, but also from fundamental physical constraints that gov-
ern the admissible parameter space. Consequently, instead of
introducing yet another parameterization, we establish a unifying
physical framework explaining why certain combinations of ther-
modynamic, dielectric, and dynamical properties are intrinsically
unattainable within this architecture. Along this manifold, elec-
trostatic strength, steric repulsion, and molecular geometry are
deterministically coupled through robust scaling relations, trans-
forming model development from a high-dimensional empirical
search into a problem of navigation along physically admissible
trajectories.

This topology exposes the fundamental boundaries of the rigid
three-point approximation, formalized here as two empirical no-go
principles. First, a geometric-electrostatic incompatibility prohibits
the simultaneous reproduction of the experimental bond angle, the
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temperature of maximum density, and the static dielectric con-
stant. Second, a thermodynamic-dynamic limitation establishes that
the structural rigidity required to stabilize the density anomaly
necessarily suppresses molecular mobility, rendering the experimen-
tal diffusion coefficient unattainable. Together, these constraints
define a Pareto frontier, where thermodynamic fidelity and transport
properties are mutually exclusive.

These limitations are, therefore, intrinsic architectural features,
not artifacts of parameterization strategy. The role of rigid three-
point models must accordingly be redefined: not as universal rep-
resentations of liquid water but as purpose-driven approximations,
whose applicability is inherently conditional. Within this perspec-
tive, the performance of the established parameterizations should
be interpreted as explicit choices along a constrained trade-off sur-
face. Models such as OPC3 prioritize the dynamic branch, while the
H,O/DA family occupies the structural branch, emphasizing phase
behavior and thermodynamic consistency.

The framework introduced here provides a transparent and
predictive basis for making such choices and for guiding the
systematic design of force fields tailored to specific applications.
While the present analysis focused on a fixed dispersion depth,
extensions to variable energetic parameters may generalize the
manifold to a broader hyperspace. Nevertheless, the topological con-
straints identified in this work are expected to remain invariant,
defining the fundamental physical limits of the rigid three-point
architecture.
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